We study some fundamental properties of real rectifiable currents and give a generalization of King's theorem to characterizes currents defined by holomorphic chains with real coefficients. A consequence of this result is a sufficient condition for the Hodge conjecture.
Introduction
Since the publication of the foundational paper "Normal and integral currents"( [9] ) by Federer and Fleming, geometric measure theory becomes important tool in many areas of mathematics ( [7] ). One particular fascinating question to us is to characterize currents defined by analytic varieties, or more generally, by holomorphic chains, which are some formal linear combination of analytic varieties. The first major progress was made by King in his marvelous paper [16] where he proved that holomorphic chains with positive integral coefficients are those d-closed rectifiable positive currents. Three years later Harvey and Shiffman improved King's result ( [15] ) to show that d-closed rectifiable currents of type (k, k) with (2k +1)-Hausdorff measure 0 support are integral holomorphic chains. They also conjectured that the assumption on support is not necessary. This conjecture was resolved about twenty years later by Alexander ([1] ). So for holomorphic chains with integral coefficients, the characterization is complete. For holomorphic chains with real coefficients, as far as we know, not much is known. A significant difference lies in the fact that for a rectifiable current T , its density Θ(||T ||, x) is a nonnegative integer, but for a real rectifiable current R, its density Θ(||R||, x), is a nonnegative real number ( [8] ). For example consider R := ∞ n=1 1 2 n [ 1 n ] where [ 1 n ] is the current defined by the point 1 n . The current R is obviously a d-closed, positive, type (0, 0) real rectifiable current but it can not be a holomorphic 0-chain on C since the sequence { 1 n } has a limit point 0. This means that the conditions d-closedness, real rectifiability and positivity are not sufficient to characterize positive real holomorphic chains. The main point of this paper is to show that in addition to the three conditions mentioned above, we need to add that N := {x|Θ(||R||, x) > 0} is of H 2k -locally finite. Restriction on support also appears in studying plurisubharmonic positive currents ( [3, 4, 13, 14] ). We then show that currents with these four properties are positive real holomorphic chains. This generalizes King's result. Since the last condition is automatically satisfied by rectifiable currents, our result also largely simplified King's proof. This simplification is possible because of our use of Siu's famous semicontinuity theorem ( [21] ). Techniques from geometric measure theory are already important tools in studying algebraic cycles( [19, 10, 11, 18] ). In our opinion, our characterization of real holomorphic chains may find important applications in studying the Hodge conjecture. We give a sufficient condition for homology classes that can be represented by algebraic cycles with rational coefficients on complex projective manifolds. This paper is organized as follows. Section 2 studies some fundamental properties of real rectifiable currents. This includes an integral representation for real rectifiable currents which plays an important role in later development. We show that a locally normal current with H 2k -locally finite support is actually real rectifiable. Section 3 gives a generalization and at the same time, a new proof of King's theorem. In section 4 we apply our result to give a sufficient condition for homology classes to be represented by algebraic cycles with rational coefficients.
Real rectifiable currents
In this article, M will denote an oriented smooth real manifold and X will be a complex manifold. We first fix some notations that will be used throughout this paper. Let A r (M) be the space of complex valued smooth r-forms on M and let A r c (M) be the space of complexvalued r-forms with compact support on M. Dually, D ′ r (M) is the space of currents of dimension r and E ′ r (M) is the space of currents with compact supports.
is called a real rectifiable r-current on M with support in K is defined as follows : T ∈ E ′ r (M) and for every ε > 0, there is an open subset U of some R n , a Lipschitz map f : U → M and a finite real polyhedral r-chain P (in this article, we assume that simplices are nonoverlapping) with f (sptP ) ⊂ K such that the mass
We define RR r (M), the real rectifiable r-currents on M as RR r,K (M), where the union is taken over all compacta K ⊂ M. Locally real rectifiable r-currents on M are elements of the set
We recall some definitions and results that we need later.
Suppose that N is a H n -measurable subset of R n+k and θ is a positive locally H n -integrable function on N. We say that a given n-dimensional vector subspace P of R n+k is the approximate tangent space for N at x with respect to θ if for all f ∈ A 0 c (R n+k ),
The following result is basically [17, Proposition 5.4.3] . Since later we need some more information about T j which is contained in the construction [17, Lemma 5.4.2] , we include it in the statement of the theorem.
The following result is from [20, Theorem 11.6] .
Then N is countably n-rectifiable if and only if there is a positive locally H n -integrable function θ on N with respect to which the approximate tangent space T x N exists for H n -almost every x ∈ N.
In the following, we generalize the integral representation theorem ([9, Theorem 8.16]) for integral currents to real rectifiable currents. This result plays a fundamental role in later development.
Proof. Let C be the class of all T ∈ E ′ k (R n ) which has the integral representation as stated. The result will be proved in six steps as in [9, Theorem 8.16 ], but we only need to check the second step since the proof of other statements are the same.
The statement we want to check is :
By the Lebesgue's dominated convergence theorem, we have
Since ϕ has compact support, we may assume ϕ ≤ 1. Note that T i (x) = 1 for almost every x ∈ W i . So for any n ∈ N,
By the Lebesgue dominated convergence theorem again,
The converse of the above result is also true.
Before we prove Theorem 2.6, we need a simple result whose validity is rather clear. Lemma 2.7. Let A be a bounded L n -measurable subset of R n . For any given ε > 0, there is a finite set of disjoint n-simplices which coincide with A except for a set of measure less then ε. Now we can prove Theorem 2.6.
Proof. Since T has compact support, we may assume that W is bounded. By Theorem 2.3, we may write W = ∞ j=0 S j where all S j ⊆ T j have properties as stated in Theorem 2.3. We have
For each j ∈ {1, ..., N}, by Lemma 2.7, we can find finitely many disjoint polyhedrals ∆ i j,l in R n for l = 1, ..., q j such that
This implies that
This completes the proof. 2. The real rectifiable current T ∈ RR loc k (R n ) associated to an oriented real k-rectifold (W, θ, − → T ) is the current
Then we may rewrite 
for ||T ||-almost every x ∈ S. Thus Θ k ( T , x) > 0 for T -almost every x ∈ S. Since ||T ||(R n − S) = 0, Θ k (||T ||, x) > 0 for ||T ||-almost every x ∈ R n . By [20, Theorem 32.1], T is real rectifiable.
A generalization of King's theorem
From now on, we let U be an open subset of C n . 
is said to be a real holomorphic k − chain on U if T can be written in the form T = r j [V j ] where r j ∈ R and V = V j is a purely k-dimensional holomorphic subvariety of U with irreducible components {V j }. The vector space of real holomorphic k-chains on U is denoted by RZ k (U). Also let RZ + k (U) denote the set of positive real holomorphic k-chains on U, i.e., those real holomorphic k-chains with nonnegative coefficients.
We recall the following semicontinuity theorem of Siu's (see [2, 21] ). 
Proof. Suppose that there is a point a ∈ U such that each neighborhood of a meets infinitely many A i . Fix any r > 0 with B 4r (a) ⊂ U. Then B r (a) meets infinitely many A i . Assume that B r (a) meets A i j , j = 1, 2, .... For each j, there is a point a j ∈ A i j such that |a − a j | < r. Hence B r (a j ) ⊂ B 4r (a). By [22, Theorem B] ,
Thus,
Since r is arbitrary, we find that A is not H 2k -locally finite which is a contradiction. Proof.
1. By Theorem 3.9, T = m j=1 a j [V j ] is a holomorphic chain for some positive real numbers a j and irreducible k-dimensional holomorphic subvarieties V j of U. For each j, choose x j ∈ V j − ∩ i =j V i . Then n(T, x j ) = a j n([V j ], x j ) and by Thie's theorem ( [16, Theorem 4.2.2] ), n([V j ], x j ) is a positive integer. This implies that if n(T, x j ) ∈ Z( respectively Q), then a j ∈ Z( respectively Q). [15, Lemma 1.14] , spt(T ) has H 2k -locally finite measure, so King's theorem follows from (1).
By Lemma
Corollary 3.11. Let U ⊂ C n be an open set. If T ∈ RR loc k,k (U) is a closed, positive real rectifiable current and n(T, a) is either 0 or larger than b, where b > 0 for all a ∈ U, then T is a holomorphic chain with real coefficients.
Proof. Because the result is local, we may restrict U to a smaller open subset, also denoted by U, such that M(T ) < ∞. Let N = {a ∈ U : n(T, a) > 0}. Then
Therefore by Theorem 3.9, T is a holomorphic chain with real coefficients.
Applications
Let X be a compact complex manifold. Recall that a k-current T ∈ D ′ k (X) is said to be real if T (ϕ) = T (ϕ) for all ϕ ∈ A k (X) where ϕ is the conjugation of ϕ. Let D ′ k (X; R) be the space of all real currents on X. It follows from a well known result of Federer and Fleming [9, 7] that the homology H * (D ′ • (X; R)) of the chain complex (D ′ • (X; R), d) is isomorphic to the singular homology H * (X; R) with real coefficients. In the following, H * (X; R) denotes the homology of the chain complex (D ′ • (X; R), d).
Proposition 4.1. Let X be a complex projective manifold of complex dimension n and e ∈ A n−k,n−k (X) is a d-closed form. If e considered as a current has the following property:
where R is a current such that the (k, k)-part R k,k of R is positive and R k,k has H 2k -locally finite support, then e is homologous to some algebraic cycles with real coefficients.
Proof. Since R k,k is positive, it is normal. The support of R k,k is of H 2k -locally finite and dR k,k = 0, by Theorem 2.11, R k,k ∈ RR k,k (X), and by Theorem 3.9 and Chow's Theorem, it is an algebraic cycle with real coefficients. The result follows from the fact that e = Theorem 4.3. Let X be a complex projective manifold of complex dimension n. Fix a smooth triangulation of X. Let e ∈ A n−k,n−k (X) be a d-closed form. If e considered as a current is homologous to a simplicial k-cycle P with rational coefficients and the (k, k)part of P − dG(d * P ) is positive, then [e] ∈ H 2k (X; Q) ⊂ H 2k (X; C) is represented by some algebraic k-cycle with rational coefficients on X.
Proof. By assumption we have e = P + da for some a ∈ D ′ 2(k+1) (X). By Lemma 4.2, there is γ ∈ D ′ 2(k+1) (X) such that P + dγ is d-and d c -closed, and spt(P + dγ) ⊂ spt(P ). So we may rewrite e = P + dγ + d(a − γ) = P + dγ + dd c b for some b by the dd c -lemma.
Since H 2k (spt(P )) < ∞, by Lemma 4.2, spt(P + dγ) has H 2k -finite support, and by assumption, its (k, k)-part is positive, hence P + dγ full fill the hypothesis of Proposition 4.1 and therefore e is homologous to an algebraic cycle with real coefficients.
Note that by assumption, [e] ∈ H 2k (X; Q). Let C k (X; Q) ⊂ H 2k (X; Q), C k (X; R) ⊂ H 2k (X; R) be the subspaces generated by algebraic cycles with rational and real coefficients respectively. Since we may find a basis for C k (X; R) from algebraic cycles with integral coefficients, these algebraic cycles also form a basis for C k (X; R), then we have the equality C k (X; Q) = H 2k (X; Q) ∩ C k (X; R)
Applying the above observation to our case, we have [e] ∈ H 2k (X; Q) ∩ C k (X; R), and hence in C k (X; Q). Corollary 4.4. Let X be a complex projective manifold of dimension n. Given a smooth triangulation of X and e ∈ A n−k,n−k (X). If e is homologous to a simplicial 2k-cycle P with rational coefficients which is d c -closed and the (k, k)-part of P is positive, then e is homologous to an algebraic cycle with rational coefficients.
